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I Abstract 
■ 

Frames for Frechet spaces Xp with respect to Frechet sequence 
spaces Qp are studied and conditions, implying series expansions in 
. Xp and Xp, are determined. If {gi}°Zi is a 8o-frame for Xq, we 

construct a sequence {XsjsgNoj C ^s-i, s G N, for given Qp, 
respectively a sequence {9s}sgNoj Qs C &s-i, sGN, for given Xp, so 
that {^i}^! is a pre-F-frame (or F-frame) for Xp with respect to Gj;- 
^ , under different assumptions given on Xq, Oq, Qp or Xq, Oo, Xp. 
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G\ 

O ; 1 Introduction 

oo 

' In this paper we are interested in the frame expansions of elements in 

D'^qXs, where Xq D Xi D X2 D ... are Banach spaces, which corre- 
^ ' sponds to n^o^s! where Go D Oi D O2 D • • • are Banach sequence spaces. 

We introduce Frechet frames (cf. [22], also) and in this context we are in- 
terested in the problem of determination of (resp. {0s}sgNo) for 
given frame {gij^i and given {B^jsgNo (I'esp. {Xsj^gNo)- approach is 
different from the approach of Feichtinger and Grochening [11, 12] who have 
used orbit, respectively, coorbit spaces, for the construction of a linear space 
with coefficients in a given sequence space, respectively, for the construction 
of a sequence space which corresponds to a given function space. Our main 
aim is the analysis of conditions on {gi}^i, ©o and Xq and their subspaces 
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in order to obtain a fine characterization of / belonging to a subspace of Xq 
which can be a Banach space or a Frechet space, through the properties of 
the corresponding sequence of coefficients {giif)}'iZi- 

Historically, theory of frames appeared in the paper of Duffin and Scha- 
effer [10] in 1952. Around 1986, Daubechies, Grossmann, Meyer [9] and 
others reconsidered ideas of Duffin and Schaeffer, and started to develop the 
wavelet and frame theory. Banach frames were introduced by Grochenig 
[15] and subsequently many mathematicians have contributed to this the- 
ory, see for example [2, 3, 5, 6, 7] and references therein. In the last years, 
Banach frames for families of Banach spaces were studied in several pa- 
pers. Using a tight wavelet frame for L'^(W^), Borup, Gribonval and Nielsen 
[4] obtained a 6p-frame for L^'(R'^), for an appropriate sequence space 6p, 
which gives series expansions in LP{M.'^), 1 < p < oo. Grochenig and his 
collaborators [8, 13, 16], considered localized frames and through the orbit 
and coorbit spaces obtained Banach frames for a family of Banach spaces. 
Considering p- frames for shift-invariant subspaces of U*, Aldroubi, Sun and 
Tung [2] proved that when a sequence of translations of a finite set of ap- 
propriate functions (f)\, ...,(j)r forms an -frame for the shift-invariant space 
V^(,(0) C U"-\ for some pq > 1, then this sequence is also an £^'-frame for 
Vp{(f)) for all values of p > 1. 

In the present paper we consider the following problems: 

1. Determine conditions, which imply series expansions in projective and 
inductive limits of Banach spaces. 

Let {(Xs, II • lls)}^^!*}^ be a sequence of Banach spaces such that (Z Xg-i C 
Xq, sgN, in the topological sense also, and Xp = DgeNo^s be dense in every 
space Xg. Let {(6^, ||HIIs)}sgNo be a family of Banach sequence spaces with 
similar properties. We determine conditions on a sequence {gi}iZi, giGXp, 
which imply the existence of {fi}°Zi, fi^ Xp, such that every /€ Xp and 
every geX}, can be written as / = Y.^i9i{f)fi and g = Y^Zi 9{fi)gi- 

2. For given ©Q-framc {gi}^i for Xo and given sequence {Xslsg^Q (resp. 
{O^jseNo), construct {O^j^gN (resp. {X^j^gN) so that {gi}°^i is a 
pre-F-frame or F-frame for Xp with respect to 0^. 

Let {gi}'^i be a 0o-frame for Xq and let {{Xg, \ \ • \ \s)}seNo be a sequence of 
Banach spaces such that Xg C Xg-i C Xq, sGN, in the topological sense 
also. The question is whether there exists a decreasing sequence of Banach 
sequence spaces {Gsj^eNo so that {gi}°Zi is a 0s-frame for Xg, sG Nq. Also, 
if @g C 0s- 1 C 00, s G N, is given, whether there exists a corresponding 
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sequence {X^lsgp^g so that is a ©s-frame for Xg, s G Nq. These 

problems are interesting in itself for Banach spaces, but if one also imposes 
the condition that Qp = HseNo&s and Xp = ^\s£^^^Xs arc dense in Qg, 
respectively, Xg, sGNq, then one comes to pre-F- and F-frames and to the 
frame theory for spaces of test functions and their duals, various spaces of 
generalized functions. 

The paper is organized as follows. In Section 2 we give the definitions 
of pre-F- and F- frames for a Frechet space Xp with respect to a Frechet 
sequence space Qp. Moreover, we introduce pie-DF- and DF-frames mo- 
tivated by the properties of dual frames in Banach spaces. The frame ex- 
pansions in Frechet spaces and their duals are the subject of Section 3. We 
note that for a Frechet space Xp, which is not a Banach space, the ex- 
istence of a pre-F-frame {ffij^i implies that the corresponding sequence 
space Qp must be a Frechet space, which is not a Banach space (Remark 
3.2). Let {gi}'iZi be a ©o-frame for Xq. In Section 4 we construct a sequence 
{Xsj^gN for given {6s}seNo and a sequence {6s}seN for given {Xsjsepjo so 
that {gi}'^i is a pre-F-frame or F-frame for Xp = Dsef^oXg with respect 
to Qp = risgNgBs. In Subsection 4.3 we construct a new sequence space Q, 
so that given B-frame for X (resp. Banach frame for X with respect to Q) 
is a G-frame for X (resp. Banach frame for X with respect to O). With 
this construction, if {Xslse^g is a decreasing sequence of Banach spaces, 
we formulate conditions which imply the existence of a sequence {©s}seNo 
so that given Bq-BcsscI sequence for Xq is a pre-F-frame for Xp with re- 
spect to Qp and open questions related to Frechet frames for such sequences 
{Xslsgis^Q and {BsjsgNo- Our analysis is illustrated by Propositions 4.7 and 
4.10, which show that the assumptions of Theorems 4.6 and 4.8 are essential 
in the construction of frames. 

2 Preliminaries 

We use usual notation: {X, || • ||) is a Banach space and {X*, \\ ■ ||*) is its 
dual, (0, |||-|||) is a Banach sequence space and (Q* , ||H||*) is the dual of ©. 
Recall that is called solid if the conditions {ci}"^^ G G and \di\ < \ci\, 
iGN, imply that {di}'^^ G G and < |||{ci},^J||. If the coordinate 

functionals on are continuous, then is called a BK-space. A BK-space, 
for which the canonical vectors form a Schauder basis, is called a CB-space. 
If otherwise is not written, Cj will denote the i-th canonical vector {Ski}'^^^, 
iG N. A BK-space 0, which contains all the canonical vectors and for which 



3 



there exists A > 1 such that 

|||{Q}?=illle < A|||{q}-i|||0, n g N, {c,}r=, e @, 

{{ci}^^^ = Y17=i is called a X-BK -space. 

When is a Ci?-space, then the canonical basis constant sup^ygj;^ ll'S'Arll 
is a finite number > 1, where 

N 

SN-.e^e, SN{{cimi) = Y,c^ei, iV e N 

1=1 

(see [17]). Every C5-space is a A-SK-space, where A is the canonical basis 
constant. If is a CB-space, then the space 0® := {{g{e-i)}°^i : g G 
0*} with the norm |||{5'(e.t)}i^ill|0® := Iblle* is a i?i('-space, isometrically 
isomorphic to 0* (see [18, p. 201]). When is a reflexive CS-space, then 
the coefficient functional Ei,ieN, associated to the canonical basis Cj, N, 
form a Schauder basis for 0* (see [17, p. 57]) and thus 0® is a CS-space, 
since the canonical vectors {Ej{ei)}^^, j£ N, form a Schauder basis for 0®. 
Prom now on when is a Ci?-space, we will always identify 0* with 0®. In 
the sequel, linear mappings will be called operators. Recall that an operator 
V : X ^ X is called projestion if = V. 

Pre-Frechet and Prechet frames 

Let {Yg, I • IsjseNo be a sequence of separable Banach spaces such that 

{0} ^ f^smoYs C . . . C ^2 C C Yo (1) 

|-|o<|-|i<|-|2<... (2) 

Yp := risgNo^s is dense in Yg, s G Nq. (3) 

Then Yp is a Frcchet space with the sequence of norms | • |s, s G Nq. We 
will use such sequences in two cases: 

1. Yg = Xg with norm || • \\s, s G Nq; 

2. Ys = 0s with norm ||H||g,s G Nq. 

Note that if the norms | • |s, s G Nq, satisfy \ ■ \s < Cs\ ■ \s+i, C's > 0, 
s G No, then new norms can be introduced in Yg, sGN, so that (2) holds. 

Remark 2.1 1. // {0^, |||-|||^}si=j^g is a sequence of CB -spaces, which sat- 
isfies (1) and (2), then all finite sequences belong to Qp and form a dense 
subset of Qg; thus (3) is automatically satisfied. In this case the canonical 
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vectors form a Schauder basis of Qp, every {cj}^^ E Op can be written 
uniquely as {ci}"^^ = "^^Zi CiGi with the convergence in Qg for every seNq. 

2. We refer to [20, p. 326, pp. 331-332] for Kothe type sequence spaces 
A^(^) and their duals as a good source of examples of sequence spaces. 

Definition 2.2 Let {Xg, \\ ■ ||s}seNo ^.nd {Qg, llhllLlseNo sequences of Ba- 
nach spaces, which satisfy (l)-(3). For fixed sGNq, an operator F : — > 
Xp will be called s -bounded, if there exists a constant Kg > such that 



\\V{ci}°l^\\g < for all {cj^i G 6^. If V is s -bounded for 



every sGNq, then V will be called F -bounded. 

Note that if y : 0f — > Xp is F-bounded, then V is continuous. The 

converse does not hold in general. 

Let be a -BX-space. Recall that {gi}^^ G [X*)^ is called a Q-frame 
for X with lower bound A> Q and upper bound B < oo, if 



{g^{fml e e and A\\f\\ < \\\{g^{fm^\\\ < B\\fl f G X. (4) 



A G-frame {gi}°Zi for X is called a Banach frame for X with respect to B 
if there exists a continuous operator V : Q ^ X such that V^({5'i(/)}^i) = / 
for every / G X. 

If at least the upper inequality in (4) holds, then {^jj^i is called a 

Q-Bessel sequence for X with hound B. 

Wc generalize the above definitions to Frechet spaces as follows: 

Definition 2.3 Let {Xg^ \\ ■ H^jsgNg be a sequence of Banach spaces, which 
satisfies (l)-(3), and let {Qg, UHLIseNo sequence of BK -spaces, which 
satisfies (l)-(3). A sequence {gi\'^\E{Xp)^ is called a pre-F-frame for Xp 
with respect toQp if for every s G No there exist constants < Ag < Bg < oo 
such that 



The constants Bg (resp. Ag), s G Nq, are called upper (resp. lower) bounds 
for {s'ili^i- ^ pre-F-frame is called tight, if Ag = S^jSGNq. 

Moreover, if there exists an F -bounded operator V : Qp ^ Xp so that 
V {{gi{f)}'^i) = f for allf^Xp, then a pre-F -frame {^jj^x is called an F- 
frame (Frechet fram,e) for Xp with respect to Qp and V is called an F-frame 
operator for {gij^i- 

When (5) and at least the upper inequality in (6) hold, then {ffij^i is 
called an F-Bessel sequence for Xp with respect to Qp with bounds Bg, 
sGNq. 



{g^{f)}nl^&F, feXp, 
As\\f\\g<\\mf)}r=i\\\s<Bs\\f\\s, f€Xp. 



(5) 
(6) 
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I{ X = Xp = Xs and = 0i? = 6s, sGNq, the above definitions of a 
pre--F-frame, F-frame and F-Bessel sequence for Xp give the definitions of 
a 0-frame, Banach frame and 0-Bcsscl sequence for X, respectively. 

Note that if G is a refiexive Banach space and {^jj^i is a 0-frame for a 
Banach space X, then X is also refiexive because it is isomorphic to a closed 
subspace of 0. 

Let be a sequence of Banach spaces which satisfies (l)-(3), 

{G^l^gNo be a sequence of i?i^-spaces which satisfies (l)-(3) and {gi}^i G 
be an F-Bessel sequence for Xp with respect to 9^. Fix N and sG 
Nq. Since is a i?ii'-space, the i-th coordinate functional on is bounded 
and thus there exists i^i^s > Osuchthat \gi{f)\ < Ki^s\\\{gi{f)}'^i\\\s, f^-^F- 
Therefore, by the upper inequality in (6), gi is bounded on Xp with respect 
to the norm || • \\s. Now by (3) it follows that g^ has a unique continuous 
extension on Xg which will be denoted by gf. Thus, for every sG No, gfEX*, 
ieN, and moreover, gf\xt = gji ^SN, for t > s. 

Proposition 2.4 [22] Let {Xs}s£No be a sequence of Banach spaces, which 
satisfies (l)-(3), and let {Qs}s&%o o, sequence of Xg-BK -spaces, which 
satisfies (l)-(3). // {^j}^]^ G (X^)^ is an F-Bessel sequence (resp. pre-F- 
frame) for Xp with respect to Qp with hounds Bg (resp. lower hounds Ag 
and upper hounds Bg), sGNq, then for any sGNq, {ffll^^i is a, @g-Bessel 
sequence (resp. Qg- frame) for Xg with hound XgBg (resp. lower hound Ag 
and upper hound XgBg). 

In the case of a single Banach space {X = Xp = Xg, Q = Qp = Qg, 
sGNo) the following assertion holds. 

Proposition 2.5 [24] Let & he a CB-space and {c/J^i G {X*)^ he a 6- 
Bessel sequence for X. Consider the conditions: 

i'Pi) {gi}i^i is a Banach frame for X with respect to B. 

(P2) There exists a e*-Bessd sequence {fi}°^i (fi^X C X**,i G N) for 
X* such that f = E£i gi{f )fi, fex. 

{V3) There exists a Q*-Bessel sequence f/j G X C X**, i G for 

X* such that g = E,=i gifi)gi, g e x*. 

Then: 
(a) (Pi) ^(7^2). 
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(6) // both 9 and 9* are CB -spaces, then ("Pi) <S=> (7^2) ("^3) a^^^^ each 
one of the conditions {V2) ctnd (Vs) implies that {fi}^i is a &* -frame 
for X* , called a dual of the @-frame {gi}iZi- 

(c) If @ is a reflexive CB -space, then each one of the conditions {V2) and 
{V3) implies that {fi}^i is a Banach frame for X* with respect to Q*. 

We will extend the above proposition to Frechet spaces and obtain series 
expansions by the use of a Frechet frame and the corresponding dual frame. 

Once again we note that the sequence in Proposition 2.5 has dual 

properties in comparison to {^ij^i: fi belongs to X while Qi belongs to X*, 
i G N, {fi}°Zi is a 0*-Bessel sequence for X* while {^jj^i is a 0-Bessel 
sequence for X. Having this in mind as well as Proposition 2.4, we give the 
following definition: 

Definition 2.6 Let all the assumptions of Definition 2.3 hold and assume 
moreover, that @s, sGf^o, are CB-spaces (then their duals are BK -spaces). 

A sequence {/j}^]^ G (Xj?)^ is called a 

DF-Bessel sequence for Xp with respect to @*p if it is a Q*g-Bessel se- 
quence for XI for every s G Nq; 

pre-DF -frame for Xp with respect to Q*p if it is a Q* -frame for X* for 
every s G Nq; 

DF -frame for X*p with respect to Q*p if it is a Banach frame for X* with 
respect to 0* for every s G Nq. 

3 Series Expansions 

Throughout this section we assume: 

1. {Xg, II • llsjsgNo is a sequence of Banach spaces, satisfying (l)-(3); 

2. {9s, IIHIIslseNo is a sequence of Ag-Bif-spaces, satisfying (l)-(3); 

Let {gi}'^i be a pre-F-frame for Xp with respect to 9i? with lower 
bounds As and upper bounds S^, s G Nq. By Proposition 2.4, for every 
sGNo, 

AsWfWs < |||{5|(/)K^illL. < \sBs\\f\\s, f G Xs. (7) 
By (7) and (6), one can consider the following continuous operators 

Us-.X,^ e„ Usf = {5? s G No, (8) 
U:Xf^ Qf, Uf = {g^{f)}Zl, (9) 
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and their inverses 

U-^ : R{Us) ^ Xs, U-^ : R{U) Xp. 
For every sGNq, the operator is bounded with ||C/s~^|| < 

Lemma 3.1 Let {gi}'^i be a pre-F-frame for Xp with respect to Qp- The 
range R{U) of the operator U , defined by (9), is closed inQp o,nd the inverse 
operator is F-bounded. 

Proof. Denote the lower bounds for {gi}'^i by As,sGNo, and the upper 
bounds by Bs,seNo- Let fn<EX}.-, neN, be such that converges 
in Bi? as n ^ oo. Fix e > and s G No- Then there exists No{s) G N such 
that |||J7s/n — C^s/fcllls < £ for every n,k > No{s). By the lower inequality in 
(7), we obtain 

0<As\\fn-fk\\s<£, n,k>No{s) 

and hence {/n}^i converges in as n — oo. Therefore, {/n}^i converges 
to some / in Xp. Hence, Uf G R{U) is the hmit of {Ufn}'^=i in 0^. This 
implies that R{U) is closed in G^?. 

Since for every {ci}^-^ G R{U) and every sGNq, 

\\u-\c,}r=i\\s = \\u-\c,}r=i\\s < iM,iii{c.}~iiiu 

it follows that is F-bounded. □ 

Remark 3.2 Assume that 0^ = 6 for every s G No and that {gi}'^i is a 
pre-F-frame for Xp with respect to Qp = @. In this case Xp is isomorphic 
to R{U), which is a closed subspace of & by the above lemma. Hence, Xp 
is isomorphic to a Banach space. This explains that in the case when Xp 
is not a Banach space, Qp must not be a Banach space. Thus, different 
sequence spaces 0^ must be used for the construction of Qp. 

Remark 3.3 Consider a pre-F-frame {gi}iZi for Xp with respect to Qp. 
The mapping V (if it exists) in Definition 2.3 is an F-bounded extension of 
and the operator UV is an F-bounded projection from Op onto R{U). 
Conversely, assume that there exists an F-bounded projection V from Qp 
onto R{U). In this case the operator U^^V : Qp ^ Xp is an F-bounded 
extension of : R{U) Xp. Therefore, a pre-F-frame for Xp with 
respect to Qp is an F -frame for Xp with respect to Qp if and only if there 
exists an F-bounded projection from Qp onto R(U). 
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Theorem 3.4 Let {gi}iZi be an F -frame for Xp with respect to Op- Then 
the following holds. 

(a) For every sENq, the sequence {gf}'^i is a Banach frame for Xg with 
respect to Qg- 

(b) // @s, seNo, are CB-spaces, then there exists (X^ which 
is a DF-Bessel sequence for Xp with respect to Gp such that 

oo 

/ = Y.9i{f)fi^ f^^F, (inXp), (10) 

i=l 

oo 

g = ^g{fi)gi, gex*p, (inX*p), (11) 

i=l 

oo 

/ = T.9tU)fi, sgNo. (12) 

i=l 

(c) // 65 and @l, sgNq, are CB-spaces, then there exists (Xp)^, 
which is a pre-D F -frame for Xp with respect to @*p such that (10)-(12) 
hold and moreover, 

00 

9 = Y.3Ui)9t, <?GX;, 5GNo. (13) 

(d) // Qs7 s G No, are reflexive CB-spaces, then there exists G 
{Xpf, which is a DF-frame for Xp with respect to @p such that 
(10)-(13) hold. 

Proof. Having in mind Remark 3.3, let V denote an F-bounded projection 
from Qp onto R{U). Fix s G Nq. By Proposition 2.4, {^f}^^ is a 65-frame 
for Xg and thus wc can consider the operator C/^, given by (8). Consider V 
as an operator from Of ^ ©s into R(Us) and note that R(Us) is a closed 
subspace of O^. Since Gj? is dense in Qg and R(U) is dense in R^Ug), V has 
unique continuous extension Vg defined from 0^ into R{Ug) and moreover, 
Vg is a projection from Qg onto R{Ug). Define Vg : Og ^ Xg by Vg := U^^Vg. 

(a) For every sG Nq, Vg is a continuous extension of U^^ and hence the 
05-frame {gf^^i is a Banach frame for Xg with respect to 0^. 

(b) Consider the operator V = U~^V, which is an F-bounded extension 
of U"^. Since all the canonical vectors belong to 9^, for i G N we define 
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fi := Vci. Let / G Xp. By Remark 2.1 applied to {ci}^^ = Ufe @f, 



n 



^9iif)ei Uf in @F as n ^ OO. 



i=l 



The continuity of V implies that 



VU / = / in Xp as n — > oo. 



1=1 



Hence, Y17=i9iif)J ^ ^ f ™ -^F, as n — > oo. Moreover, (10) implies (11). 

Let s G No- Since Vg is an extension of V and is an extension of 
U~^, it follows that Vs is an extension of V. Therefore, VgCi = Ve-i = /j, 
zGN. By the fact that {ei}'^^ is a Schauder basis for Qg, it follows that for 
every /gX^, 



Let now g G X*. Then ^F, G G*, {^(/i)},^! = {(5V^.)ei}~iG 6* and 



Therefore, is a 0*-Bessel sequence for X*. 

(c) Let sG Nq. Proposition 2.5(b) implies that the sequence 
determined in (b), is a 0*-frame for X*. Now (13) follows from (12) and 
[24, Lemma 4.3]. 

(d) Consider the sequence defined in (b). Let sGNq. By Propo- 
sition 2.5(c) it follows that is a Banach frame for X* with respect 

to e*. □ 

Note, for validity of (10) and (11) it is enough to assume that there exits 
a continuous projection V from 6^ onto R{U). The F-boundedness of V is 
essential for (12), (13) and (a). 

Remark 3.5 //{ffij^i is an F -frame for Xp with respect to Op and Qg, 
sG No, are CB-spaces, Theorem 3.4 (a) and Proposition 2.5 imply that for 
every sG No there exists a sequence {fl}'^i G Xf such that f = "^^Zi gi{f )fi 
for every f&Xg. The sequences might be different for different s. 

Since our aim is to obtain series expansions in Xp, we need a same sequence 
{/ili^i satisfying f = Yl'S=i 9i{f)fi, f^^p, with convergence in \\ ■ \\g-norm 
for every sGNq. Because of that we have Theorem 3.4 (b) determining a 
sequence {/jj^^GX^, which gives series expansions on every level s, sGNq. 




\\\{9mr=i 



iib^.iii:<Ni: \\Vg 
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In order to have series expansions in Xp via a pre-F-frame (or F-Bessel 
sequence) {gi}'^i and a DF-Bessel sequence one must have that 

{^ili^i is an F-frame. This will be proved in the next theorem. 

Theorem 3.6 Let @s, s G No, be CB-spaces and {gi}'^i be an F-Bessel 
sequence for Xp with respect to Qp. Then the following holds. 

(a) There exists {fi}'^iE{XF)^ , such that it is a DF-Bessel sequence for 
Xp with respect to @*p and satisfies (10) if and only {^ij^i is an 
F -frame for Xp with respect to Op- 

(b) Let {fi}'^i G (X/r)^ be a DF-Bessel sequence for Xp with respect to 
Q*p which saMsfies (10). If both Qg and 6* are CB-spaces, s G Nq, 
(resp. Qs is a reflexive CB -space, s gNq), then is a pre-DF- 
frame (resp. DF -frame) for Xp with respect to Q*p. 

Proof, (a) If {^i}^! is an F-frame for Xp with respect to Qp, the assertion 
is given by Theorem 3.4. 

For the converse, assume that {/jj^^G (Xj?)^ is a DF-Bessel sequence 
for Xp with respect to Q*p which satisfies (10). First we will prove that 
(12) holds. Fix sGNq. By Proposition 2.4, {gl}°(li is a B^-Bessel sequence 
for Xs and thus the operator Ug, given by (8), is bounded. Let e > and 
/G Xg. Since Xp is dense in Xg, there exists /iG Xp such that ||/ — /i||s < £. 
Applying (10) to h, there exists AT G N such that 



h -^gi{h)fi 



i=l 



< e, n> N. 



Let As denote the canonical basis constant in (see the preliminaries) 
Since {g^ih — f)}°Z^£ Qg, we have 



Y^gtih-f)e, 



1=1 



< A. 



i=l 



Xs\\\Ugih-f)\l 



< sXsWUgW. 



Since is a B*-Bessel sequence for X*, by [6, Proposition 3.2], the 

operator Tg : {di}^i Yli^i^ifi is bounded from 6s into Xg. Thus for 
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n> N, 



< ll/-^IU + 



h-^gi{h)fi 



+ 



i=l 



i=l 



< 2e + 



TAY,9!ih-f)ei 



< e(2 + A,||T,|| ||C/, 



oo 
i=l 



and hence / = 9iif)fi- Now Proposition 2.5(a) implies that {gf} 

is a Banach frame for Xg with respect to Qg- 

In order to conclude that {gi}i^i is an F-frame, it remains to prove that 
there exists an F-bounded extension of U~^. For every {di}'^i G @f, the 
scries X^^]^ difi converges in Xg for every s G Nq and therefore it converges 
in Xp- Thus the operator T, given by T{{di}^i) '■— X^i^i difi, is defined 
from Qp into Xp- For every s e Nq, T = Tgle^ and hence T is s-bounded. 
Since {cij^i is a Schauder basis for 9^;^ and T is continuous on 0^, it 
follows that Uf = X^^i giiD^i and 

(oo \ oo oo 

i=l ) 1=1 j=l 

i.e. T is an extension of 

(b) Assume now that both Qg and 0* are C-B-spaces. By the proof in 
(a), it follows that (12) holds. Now Proposition 2.5(b) implies that {/j},^^ is 
a 0*-frame for X*. Moreover, if is a reflexive CS-space, then Proposition 
2.5(c) implies that is a Banach frame for X^ with respect to 0*. □ 

Note that Theorems 3.4 and 3.6 clarify Theorem 5.3 in [22], where this 
theorem was quoted without proof. 

Remark 3.7 Throughout this section we have considered {gi}'^i G (Xp)^ 
which is an F-Bessel sequence for Xp with respect to Gp, at least. For such 

a sequence {gi}i^i we have that {gf}'?^^^^ (^o)^ ^'^^ 9i ~ 9i\x ■ If instead 
of {gij'^i G (.X*pf it is assumed that {gi}'^i belongs to {X^)^ , then (2) 
implies that gi\xs continuous on Xg for every sGN and thus {gi\xp}i^i 
belongs to (X|.)^. Therefore, all the assertions in the present section can be 
stated with {c/jj^iG (X^)^ instead of {gi}'^^e{X*p)^ and {gi\^ instead 

of{gt}r=i- 



We end this section with an example in which we use notation, notions 
and results of [2]. 
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Example 3.8 Let C°° := |/ : sup^jgjQ,!] J2kez I /(^ ~ ^) l< o^j . When 
(f) G jC°° and p G (l,oo), the series Ylkez^f^^^' ~ ^) converges for every 
{cjk}fe6z€^^(^) (in L^-sense) and 

M^) ■= I Yl ''k4>{- - k) : {ck}k& G ^^(Z) [ (14) 

is a shift invariant subspace of i7'(R), but not necessarily closed in LP{M.). 
Assertions in [2] state that if (j) & C°° and {(!){■ — k)}kez is a p- frame for 

Vp{(j)), then: 

1) Vp{(l)) is closed in LP; 

^) {^(' ~ ^)}feez is an r-frame for V^(0) for every r G (1, oo); 

3) 3 tp E C°° such that — k)}kez is ap-frame for Vp{'ip) = Vp{(f)) and 

/ = E(/' - k)) 4>{- -k) = J2{f, 4>{- - k)) V'(- - fc), V/ G Vp{4>). 
k& fcez 

Moreover, the function tp belongs to Vi{(j)) C Vp{(j)) and it is independent of 
p, pG(l,oo). 

Let now ^ G jC,°° and {gk}kez = {4>{' — k)}kez be a 2-frame for V2(0). 
As an example of a sequence of subspaces of Xq = V2 (<?!>) and sequence of 
subspaces of & = i^, consider 

Xs = yi+i/(,+i)(.^) and e, = ^i+V(^+i)(Z), sGNo. 

By the well known properties of the ^^-spaces, it follows that @s+i C @s 
and |||-|||^ < IIHIL+i- Moreover, @p D and finite sequences are dense in 
0^. By 2), {gk}kez is a G^-frame for Xs for every s G Nq; let Ag and Bs, 
sG No, denote lower and the upper bounds, respectively. Let sG Nq. By (14) 
and the inclusion £W/(s+2) ^ obtains that X^+i C Xg and 

moreover, for every / G one has 

ll/IU < ^\\\{9k{f)}kez\l < \\\{9k{f)}kez\l+i < ^ll/IU+i, 

which implies that || • \\s < Cs\\ ■ \\s+i for some constant Cg > 0, s £ Nq. 
Also, the set {/ = Ylj€F ^j^i' ~ j) '■ is a finite subset of Z} is a subset of 
Xp and it is dense in any Xs, s G Nq. Thus, {gk}kez is a pre-F-frame for 
Xp with respect to B^?, where 

= n3eN,/'+'/^'+'Hz) and Xp = n,eNoVl+i/(..+i) (</>)• 

Let {fk}kez ■= {tp{- - k)}kez, where Tp is given by 3). Then (10) holds and 
Theorem 3.6 implies that {gi}'^i is an i^'-frame for Xp with respect to Qp. 
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4 Constructions of sequences of spaces 



For the analysis of series expansions, it is reasonable to have that the se- 
quence space is a CS-space, which is not always the case. But if {gi}^i G 
{X*)^ and there exists a sequence {fij^^eX^ such that / = Y1°Z^ 9i{f)fi, 
for all f£X, then there exists a CB-space such that {gi}^i is a Banach 
frame for X with respect to (see [6, Proposition 2.9]). Below we apply 
this assertion to the Prechet case. 



Proposition 4.1 Let {Xs}s^f>i,^ be a sequence of Banach spaces, which satis- 
fies (l)-(3) and {gi}'^i G (-'^o)^- Assume that there is a sequence G 
{Xp \ 0)^ such that for every s G No and every f E Xg, 



f = ^9i{f)fi in Xs 



(15) 



1=1 



Then there exists a sequence {Qs}s&i^) of CB -spaces which satisfies (1)- 
(3) and such that {gi\xp]i^i is an F-frame for Xp with respect to Qp- 
Moreover, is a DF-Bessel sequence for Xp with respect to @p. 

Proof. For every sG No, put 

@s ■■= |{ci}i^i : converges in X^j , (16) 



lll{^}: 



oo I 
i=l\ 



sup 



'^Cifi 



By [6, Lemma 3.5 and Proposition 2.9] applied to Xg, 
a CB -space and {gi\xs}i^i ^ Banach frame for X. 



it follows that Qg is 
s with respect to Qg- 



Since Xg^i C Xg and 



< 



|s+i, it follows that Qg+i C Qg and 



1^^;^. By Remark 2.1, {ejseN,, satisfies (3). By (16), Q/j 
converges in Xg as n — >■ oo for every {cj}^^G Qg. Thus, [6, Proposition 3.2] 
implies that is a 0*-Bessel sequence for X*. By Theorem 3.6(a), 

{ffili^i is an -F-frame for Xp with respect to Bi?. □ 



4.1 Construction of {-^s}seNo 

We start with a sequence {0s}sgNg and a Go-frame {gi}iZi for Xq in order 
to construct {XsjsgN such that {gi}'^i is an F-frame for Xp with respect 

to e^. 
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Theorem 4.2 Let Xq ^ {0} he a Banach space, {Qs}sef^o be a sequence of 
BK-spaces which satisfies (l)-(3) and {gj}^]^ G (Xq)^ he a Qq -frame for Xq 
with respect to Qq with bounds 1 < ^ -Bo < oo. Assume that 

M:={{gi{f)}Zi:feXo}n@F 

is dense in {{giif )}^i '■ f G -^o} H 0^ / {0} with respect to the \\\-\\\g-norm 
for every sENq. Then there exists a sequence of Banach spaces {Xs}seNoj 
which satisfies (l)-(3) and such that {gi\xp}^i ^-^ a pre-F -frame for Xp 
with respect to Qp with bounds AQ,BQ,Ag = Bs = 1, s€N. 

If moreover, there exists an F- bounded projection from Qp onto M, then 
{9i\xp}i^i F -frame for Xp with respect to Qp. 

Proof. For every sGN, define 

Xs := {feXo : {gi{f)}r=i e 6,}, := \\\{gi{f)}r=i\\\s- (17) 

Let s e N. Clearly, Xg is a linear space, || • \\s is a norm and furthermore, 
Xg+i C Xg. Moreover, for every f e Xg, 

ii/iu = iiite(/)}.^iiL > \\\{9iif)}r=i\\\s-i { ■/ J > L (18) 

Let {hn}^^i be a Cauchy sequence in Xg and hence, by (18), a Cauchy 
sequence in Xq. Therefore, {hn}'^=i converges to some element heXo and 
by the upper 6o-frame inequality it follows that 

{9i{hn)mi ^ {9i{h)mi in Qo, as n ^ oo. (19) 

By (17), {gi{hn)}^i, n£N, is a Cauchy sequence in 0^ and it converges to 
some element a in G^. Since IH-IH^ > HMIIo' sequence {gi{hn)}^i, nGN, 
converges to a in 6o and hence, by (19), {^^(/i)}^! = aG 6^. Therefore, 
hEXg and 

\\hn - h\\g = \\\{gM}Zi - {9^mZl\\\s ^ 0, as n ^ oo. 

Thus, Xg is a complete space. 

By (17), {gi\xs}i^i is a tight G^-frame for Xg with frame bounds Ag = 
Bg = l. 

Denote Xp := nggNo^s- It remains to show the density of Xp in Xg, 
s £ Nq. Since {gi}°^i is a Go-frame for Xq, the operator Uq : Xq ^ Go, 
Uof = {9i{f)}'^i, is injective. Observe that Xp = Uq^{M) and hence 
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Xp + {0}, because M 7^ {0}. Fix sG No- Let /G and e > 0. Since 
M = Uo{Xp) is dense in Uo{Xo) n 0^, there exists / G Xp such that 
\\\Uof - f/o/IL < e and hence, \\f - f\\s < \\\Uo{f - f)\\\, < e. 

Therefore, {gi\xp}^i is a pre-F-frame for Xp with respect to Qp. 

Assume now that there is an F-bounded projection from 0^ onto M. 
Since M = Uq{Xp) = R(U), the pre-F-frame {gi\xj^}iZi is an F-frame. 

Note that if Xq = Xg (as sets) for some s > 1 and thus Xq = Xf = Xg 

for any < t < s, then || ■ ||xo and || • \\xt are equivalent norms for any 
<t < s. This is a consequence of the Inverse Mapping Theorem. □ 

The following simple example shows a case when all the assumptions of 
the above proposition are fulfilled. 

Example 4.3 Let {OsjseNo be a sequence of CS-spaces which satisfies 
(l)-(3) and let Xq = Gq. Let {gi}°^i G (G^)^ be the sequence of the co- 
ordinate functionals, associated to the canonical basis {ei}^Zl of Go, i.e. 
9j{{xi}'^i) = Xj, jGN. Clearly, {gi}iZi is a Go-frame for Gq with bounds 
^0 = -Bq = 1. For every s G N the space Xg, constructed in the proof 
of Theorem 4.2, coincides with G^ and Cig^Xg = Qp 7^ {0}. In this case 
M = Qp = R{U) and {gi\xp}iZi is an F-frame for Xp with respect to @p. 

4.2 Construction of {6s}sgN(, - restrictive case 

In the subsections which are to follow we consider the problem opposite to 
the one in the previous subsection: given {Xsjsgis^p, construct {GsjsgNp. 

Theorem 4.4 Let {Xg}g^^Q be a sequence of Banach spaces, which satisfies 
(l)-(3). Let Q he a BK-space and let {gi}°Zi G (Xq)^ satisfy the lower 
@-frame condition for Xq, i.e. there exists a constant A > such that 
{gi{f)}Zi e arid A\\f\\o < for every f e Xq. Then the 

following holds. 

(a) There exists a sequence {Qs}sef>}() of BK -spaces, which satisfies (1)- 
(3), such that {gi\xp}'j^i is an F -frame for Xp with respect to Qp with 
bounds Ag = Bg = 1, sgNo- 

(b) // {gi}iZi has a biorthogonal sequence G {Xp)^ , then the 
spaces @s, sGNq, constructed in (a), are CB-spaces if and only i/ 

is a Schauder basis of Xg, sGNq. 

Proof, (a) The lower G-frame inequality implies the unique correspondence 

of / to {giif)}^i- This leads to the following definition: 

0. := {{giimZi : feXgjce, \\\{g^{fml\\\s ■■= WfWs, s G No. (20) 
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LetsGNo- Clearly, 0s is a linear space, |||-|||^ is a norm in 6^ and B^+i C S^. 
It is easy to see that 0s is complete and ||H||s+i > lll'IIL- 

For A;G N, let Ek denote the k-ih coordinate functional Ek{{ci}^i) = Cfe. 
For every f&Xs one has 



\Ek{{9^{m 



= \gk{f)\ < hkWx* 

= \\9k\\x* \\\{9iif)Vi 



< \\9k\\x* ll/IU 



=lllls' 



which implies that -E^ is continuous on ©s, s G Nq. Thus, Bs is a BK— 
space. Moreover, Qp = ^sm^Qs = {{gi{f)]^i ■ f ^ Xp} / {0}, because 
Xp / {0} and gi for at least one i G N. Furthermore, for every sGNq, 
is dense in 6s, because Xp is dense in Xg, which is isomorphic to Qg- 
By (20), {gi\x is a pre--F-frame for Xp with respect to 0^' with 

bounds As = Bs = 1, sgNq. Since Gf = {{9i{f)}'^i ■ /G^f}, (20) implies 
that the operator V : @p Xp given by V{{gi{f)}) = / is s-bounded for 
every sgNq. Thus, {gi\xp}iZi is an F-frame for Xp with respect to 0^. 

(b) Let {^i}^! have a biorthogonal sequence {/j}^^G (Xp)^. Consider 
{©sjsGNo constructed in (a). Fix sgNq and f^Xs- By the definition of 0s, 
for every /cGNq, the k-th canonical vector Cfe = {gi{fk)}i^i belongs to Og- 
By the biorthogonality, we have 

n 

E 9i{f)^i = {9i{9lU)h + 92{f)h + ■■■+ 9n{f)fn)}r=l, ^ ^ N, 

1=1 
and hence 



{g^{f)}r=l-Y.9^U)e^ 



i=l 



i=l 




This implies that 

n n 

XI 9i{f)e-i {5i (/)}iSi as n ^ oo if and only if ^ gi{f)fi ^ / as n ^ oo. 



1=1 



The conclusion now follows from the fact that the sequence 
which has {gi}°^i as a biorthogonal sequence, is a Schauder basis of Xg if 
and only if / = Y^'^igi{f)fi for every fGXg (see e.g. [23], also [17]). □ 

The example which is to follow illustrates the above theorem. 
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Example 4.5 Let {/in}^o be the Hermite basis of L^(M): 

2 2 

where Hn{x) = ( — l)"^e^ {d/dx)"'{e~^ ), x G M, is the n-th Hermite poly- 
nomial, nG Nq. The harmonic oscilator TZ := — ^ + has eigenvalues 
A„ = 2n + 1, neNo- Define 

Xs := {/ G L2(M) : 7^7 £ L^}, \\f\\s := II^^IU^, s G Nq. 

Then {Xsj^gNg is a sequence of Hilbert spaces, which satisfies (l)-(3) and 
{ (2n+i)« ^n}'^=o is an orthonormal basis for Xg for every s G Nq. Moreover, 
{0s}s(=N()i defined by (20), is a sequence of CS-spaces, which satisfies (l)-(3) 
and {gi\xp}iZi is an F-frame for Xp with respect to Gi?. 

As it was already noted, the Ci?-propcrty is crucial for the series expan- 
sions via Banach frames. Because of that, in Theorem 4.4 (b) we point out 
construction of CS-spaces 9^, sGNq. However, in order to have the canon- 
ical vectors in 0^ (which contains only sequences of the form {gi{f)}i^i), 
we assume the existence of a biorthogonal sequence which restricts 

us to the cases when {fi}^i is a Schauder basis for Xs- Note that when Xg 
is reflexive, is a Schauder basis of Xg if and only if its biorthogonal 

sequence {gi}'^i is a Schauder basis of X* [17, Corollary 8.2]. This restricts 
us to the use of sequences {gi}^i, which are Schauder basis. In order to 
avoid the use of a biorthogonal sequence, in the following subsection we con- 
struct larger sequence spaces. Thus, our forthcoming Theorems 4.6 and 4.8 
are related to the cases when {^ij^i is not necessarily a Schauder basis. 

4.3 Construction of {O^IsgNo " more general case 

In the sequel we will use the following notation related to a sequence c = 

{c^ml■■ 

n 

c(") := {0, . . . ,0,C„+i,Cn+2,Cn+3,- • •} = C- ^QCj, n G N, 
n 

0^"^:= the i-th coordinate of c^"'\ i G N. 
For the construction in Theorem 4.8 we need the following theorem. 
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Theorem 4.6 Let 9 7^ {0} be a solid BK-space, X 7^ {0} he a reflexive 
Banach space and {gi}'^i G (X*)^ he a Q-Bessel sequence for X with hound 
B <1 such that < \\gi\\ < 1, iGN. For every c = {ci}^iE@, denote 

M^:={feX : \(h\ < \gi{f)\, ieN} (21) 

and define 

e:={ce@ : |||c|||Q:=inf{||/|| :/GM'=}. (22) 

Assume 

{Ai) : (Vc G 9) (Vd G 9) (V/ G AF) (V/i G ikf^) ^ 

(3rGM'=+'^) (||r||< 11/11 + ||/i||). 

(a) 9 (C 9) is a solid BK-space with \\\-\\\q < ||H||q and {gi}f^i is a 
Q-Bessel sequence for X with hound B = 1. 

(b) If {gi}^i is a Q-frame for X, then {gi}'^i is a Q-frame for X. 

(c) If {gi}^i is a Banach frame for X with respect to @, then {gi}^i is 
a Banach frame for X with respect to 9 . 

(d) @ is a CB -space if and only if 

(^2) : (VcG9) (V£>0) (3fcGN) {BfeM^''') (||/|| < e). 

Proof. (a) First note that 9 7^ {0}. For any i G N, gi is not tlic null 
functional and hence there exists / gX such that 1 < \gi{f)\- This implies 
that the i-ih. canonical vector belongs to 9. 

Let c = {ci}~i G 9 and feW. Since 9 is solid, (21) implies that 

|||{c.},^illle<lll{5.(/)}.=illle<^ 11/11 < 11/11- 

Therefore, 

lll{c.}.=illle<lll{ca^=illle- (23) 

Let c G 9 and d G 9. By (^1), the sequence c + d belongs to 9; clearly 
Ac G 9, A G M. Thus 9 is a linear space. In order to prove that |||-|||q is a 
norm, let us first note that |||{c}^]^ |||q = implies Cj = 0,zG N. This is a 
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consequence of the inequality (23) and the fact that \\\-\\\q is a norm. The 
equaUty |||Ac|||q = |A| |||c|||0 follows from the fact that 

M^^ = {Xf : / G M^}, X^O. 

For the triangle inequality, fix arbitrary c G B, d G G. For every / G M'^ 
and every heM"^, by (^i) we can choose an element r^'^ G Af^^*^ such that 
< 11/11 + \\h\\. Then 

IIIc + c/IIIq = inf|||r|| : r G M^+'='| < inf | Hr^'^^H : f e M'',he M'^^ 
< inf{||/|| : /GM'^} + inf{||/i|| : h e M"^ 
= IINIe + IINIe- 

It remains to show that Q is complete. Let c'^ = {c^}'^i-,v G N, be a 
Cauchy sequence in B. Fix e > 0. There exists i'o{e) such that for every 
/X, 1/ G N, /X > fo, > uqi there exists f^'^ G M^''~^'' , such that 

||r'ni<eand |cf - <! < ^ G N. 

By (23), c*^, G N, is a Cauchy sequence in 6 and hence there exists c = 
{cj}-^! G 6 such that 

IIIK-Qh^illle^Oasz.^00. 

Let z G N. Since is Bif-space, it follows that Ci as v ^ oo. Fix 

V > vq. Wc will find an element which belongs to M'^~'^ . Since ||/'^''^|| < e 
for every ji > vq, the scalar sequence {ll/^'^^IH^iyo is bounded and hence 
it contains a convergent subsequence denote its limit by a^. 

Since X is reflexive and the sequence {f^'"^}'^i is norm-bounded, by [1, 
Corollary 1.6.4] there exists a subsequence {f^''"''^}'^=i which converges 
weakly to some element F'^eX. Therefore, 

IIF'^II < liminf II II = lim ||/'''="'''|| =a''. 

n— »oo 

Since for every n G N, ||/^*="''^|| < £, it follows 

a" = lim II II < £ and hence ||F''|| < e. 

n— »oo 

Fix zgN. For every nGN, 
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and taking limit as n — ^ oo, we obtain 

\ci-c\\<\gi{F^)\. 

Thus, belongs to M"^""^''. This implies that c — c'' G G and therefore, 
c G 0. Moreover, 

|||{c, - di}r=A\e = mf{||/|| : / e M-^--} < IIF'^II < u > u,. 

This concludes the proof that is complete. 

Since the coordinate functional are continuous on and |||-|||@ < HHIIgj 
they are continuous on C and thus is a BK-spsce. Moreover, the 
space is solid. Indeed, let c = {q},^^ G and d = {di}'?!^ be such 
that \di\ < |cj|, iG N. Since is solid, {dj}^]^ belongs to 0. Moreover, 

D / 0. Thus, G and |||d|||g < |||c|||g. 

For every /gX, the set M^^'^-^^^Si contains / and thus G 0; 

moreover, |||q < ||/||- Therefore, {gi}'^i is a 0-Bessel sequence 

for X with bound B = 1. 

(b) Let A be a lower ©-frame bound for the 0-frame {gi}'j^i- Then 

A\\f\\ < |||te(/)}.^illl0 < lllte(/)h^illl0, f^X, 

which implies that {gi}^i satisfies the lower 0-frame inequality. 

(c) Let V : G ^ X he a bounded operator such that V {{gi{f)}°Zi) = /, 
fEX. Consider V := V\q. For every c G 0, 

ll^^cll = ||l^c|| < \\V\\ lllcllle < \\V\\ |||c|||g, 

which implies that V is bounded on 0. Therefore, {^ij^i is a Banach frame 

for X with respect to 0. 

(d) That all the canonical vectors belong to 0, is shown in (a). For cG 0, 
observe that M^'"^ C n G N, and hence |||c("+i) IHg < |||c(")|||g, 
n G N. 

Assume now that (^2) holds. Let c G and e > 0. By (^2)5 there 
exists A; G N such that IHc^^^^lHg < e and hence |||c(")|||q < e for every n> k. 

Therefore, c*^") — > in as n — > 00, which implies that Y17=i '^i^i — > c in 
as n — > 00. 

Assume now that is a C5-space and let c G 0. For every e > there 
exists A; G N such that |||c'-'^'' < e. This implies that there exists / G M"^ 
with llfll < £. □ 
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In order to show that conditions (.4i) and (^2) are not artificial ones, 
we will prove their validity in a simple case when a frame is obtained from 
an orthonormal basis of a Hilbert space. 

Proposition 4.7 Let {X, {■, •)) be a Hilbert space, {ei}'^i be an orthonor- 
mal basis for X and @ = i'^. Let {gi}'?l-^^e{X*)^ be defined by 

giif) •■= (/,ei) and gi{f) := (/,ei_i), z = 2,3,4, ... . 

Clearly, {gi}f^i is a Banach frame for X with respect to ^ , which is not a 
Schauder basis of X. Let @ be defined by (22). Then Q is a CB -space and 
{9i}iZi is 0, Banach frame for X with respect to G. 

Proof. Let c = {cjj^^i G 9, d = {di}'^^ G 6. Denote 

c := max(|ci|, |c2|), d := max(|cZi|, \d2\). 

Fix f andhG W^. By (21), 

\ci\ < \di\ < \gi{h)\, ieN. (24) 

Let us find r^'^ G M'^+'^ such that ||r-''''*|| < ||/|| + \\h\\. Consider 

rf'^ ■— mei + |c3 + d^\e2 + |c4 + d4\ez + |c5 + (i5|e4 + . . . G X, 

where m := max(|ci + dil, |c2 + d2\)- It is clear that 

\ci + di\ = {r^^^, Ci-i) = giirf'''), i > 3, 

|c, + di\<m = (r/'^ ei) = gi{rf'''), i = 1,2, 
which implies that r-^'^^G M'=+'^. By (24), 

c< |(/,ei)|, \ci\ <\{f,ei-i)\, i>3, 

d<\{h,ei)\, \di\ <\{h,ei-i)\, i>3. 

Using the fact that m < c -\- d, \ci -\- di\ < \ci\ -\- \di\, and the solidity of i'^, 
we obtain that 

< ||{c + ^i, Icsl + |d3|,|c4| + |d4|,...}||<.2 

< ll{c, |c3|, |c4|, . . .}\\e2 + \\{d, \ds\,\d4\,. ■ -^p 

< + \\{\{h,e,)\}Z,\\p = 11/11 + \\h\\. 
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Therefore, (^i) is fulfilled. 

Consider now c = {ci}^i G Q. Fix e > and find A;G N, A; > 1, such 
that Ej=it+i \ci? < Let 

b := {0^^^^^^, |cfe+i|, |cfe+2|, |cfe+3|, • • •}• 

There exists he X such that bi = {h,ei),i G N, and = Y.^i l^i?- 

Recall, 

C^'') = {0, ■ , 0, Cjfc+i, Cfe+2, Cfe+3, . . .}. 

Thus we have 

\c?\ = < \gi{h)\ and |cf ^1 = = {h, e,_i) = ^^(/i), i > 2, 

which implies that h G M'^*'''. Moreover, = X^i^fc+i < ^ hence 
(^2) is fulfilled. 

The conclusion now follows from Theorem 4.6. □ 

Theorem 4.8 Let 7^ {0} be a solid BK-space and {Xs}s£no 
quence of reflexive Banach spaces which satisfies (l)-(3). Let {^fil^^G (^0)^ 
be a Q-Bessel sequence for Xq with bound B < 1 such that < H^jH < 1, 
zGN. For every sGNq and every c = {cj}^]^G0, denote 

:= {feXs : \ci\ < \giif)\, i G N} (25) 

and define 

G,:={cGG : M^^0}, |||c|||, := inf : / G M,'^} . (26) 

Consider the following conditions: 

iA[): (VcGG,) (V/GMJ=) {^heMf) ^ 

(^rGM^^^) {\\r\\s<\\f\\s + \\h\\s). 
(^'2): (VcGG,) (Ve>0) (3A:GN) (3/GMf') (11/11, <e). 
(.43) : There exists Ag G (0, 1] such that for every f E Xg one has 

/GMi^*^^)>Si^^||/|U< 11/11,. (27) 
Assume that (A'l) holds for every s G Nq. Then: 
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(a) {©sIsgNo 0, sequence of solid BK-spaces with the properties (l)-(2) 
such that {^ilxali^i is a Qg-Bessel sequence for Xg with hound Bg = 1, 

(b) For any sGN, 0^ «s a CB -space if and only if {A!-^ holds. 

(c) For any s G N, {^ilxsli^i is a Qg-ffo-fn^ for Xg if and only if (A^) 
holds. 

If {A'^) holds with Ag = 1, then {gi\xs} ^s a tight Qg-frame for Xg. 

Proof, (a) Let s G Nq. Since {gi}°Zi G (X^)^ and {^J^i is a G-Bessel 
sequence for Xq with bound (2) implies that {gi\xs}'i^i ^ (^s)"^ ^'^d 
{gi\Xs}'iLi is a ©-Bessel sequence for Xg with bound B. Now Proposition 
4.6, applied to X = Xg and {s'ilxsli^D implies that Qg is a solid iJiiT-space 
and {^ilxsli^i is a Os-Bessel sequence for Xg with bound i?^ = 1. 

It is clear that ©s+i C and |||c|||g < |||c|||g^.]^, cG0s+i,sgN, because 
M,%i C and || • ||, < || • ||,+i. 

For every feXg, the set Ms"'='^ contains / and thus 
Qs^iigiif)} : feXg}. 

Therefore, 

@F := n,eNo©s 2 : / G Xf} / {0}, 

because Xp / {0} and gi / 0, iGN. 

(b) Validity of the statement follows from Proposition 4.6, applied to 
X = Xg and to the B-Bessel sequence {^ilxsl^^i for ^s- 

(c) Let s G No. If (.43) holds, then 

^||/|U<inf{||7|U : 7g Mi^^(^)>'=i} = |||{5.(/)}|||„ /GX,. 

Conversely, if {gi\xs}^i is a B^-frame for Xg with a lower bound Ag G (0, 1], 
then for every f & Xg one has 

Ag\\f\\g < wmfMg < 11/11, 7g Mi^'(^)>-^ 

Additionally, if (.43) holds with Ag = 1, then Bg = 1 implies that 
{gi\xAi^i is a tight Bg-frame for X^. □ 

Direct consequences of Theorem 4.8 are given in the next corollary. 
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Corollary 4.9 (a) // (A'l) and {A2) are satisfied for every s G No, then 
{0s}s(=No is a sequence of solid CB-spaces with the properties (l)-(3) such 
that {gi\xp}'j^-i is an F-Bessel sequence for Xp with respect to Qp. 

(b) // (A'l), {A2) and {A'^) are satisfied for every s G No, then {9i\xF}i^i 
is a pre-F -frame for Xp with respect to Qp- 

Similarly as in Proposition 4.7, we show in Proposition 4.10 that condi- 
tions (A'l) — {A'^) are not artificial. For an illustration of the assumptions of 
Proposition 4.10, see Example 4.5 with = hi-i and aj,s = (2i — 1)*, zGN, 
sGN. 

Proposition 4.10 Let {Xq, (•, •)o) be a Hilbert space and let {ei}°^i denote 
an orthonormal basis for Xq. For given number sequences sGN, 
with 1 < ai^s < o,i,s+i, ^gN, sGN, define 

Xs:={feXo : {ai,,(/,ei)o}~ie£2}, (/, /i), := ^ e,)o (e,, ^)o. 

i=l 

Let @=e and {gi}'^^e {X*)^ be defined by 

9i{f) ■= (/,ei)o and gi{f) := (/,ei_i)o, z = 2,3,4, ... . 

Then {Xs}seNo ^•^ ^ sequence of Hilbert spaces, which satisfies (l)-(3); {Qs}seHo' 
constructed by (25) and (26), is a sequence of CB-spaces, which satisfies 
(l)-(3) and {gi\xF}'i^i 0, tight pre-F-frame for Xp with respect to @p. 

Proof. First observe that for given number sequence {ai}°^^ with > 1, 
zGN, the space X defined by 

{00 
feXo : a^(/,e^)oGf^ (/, := ^ a?(/, ei)o (e^, ^)o 
i=i 

is a Hilbert space satisfying || • ||xo < 1 1 • \\x and having {-^ ei}^i as an 
orthonormal basis. For every sgN, apply this to the sequence {ai,s}i^i and 
to the space Xg. 

Fix sG N. The inequalities 0^,5 < Ui^s+i, iG N, imply that Xg+i ^ Xg 
and thus (1) holds. Denote Zi^g '■= ^i/ai^s, ^gN. By definition, we have 

(/, Zi)s = ai,s if, ei)o, f eXs, i G N. (28) 
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Thus, for / G Xg+i one has 

oo oo oo 



2 

s+1 



i=l 



1=1 



i=l 



and hence (2) holds. 

It is clear that CiGXp, ieN. Moreover, the linear span of {cj}^^ (which 
is a subset of Xp) is dense in Xg. Therefore, (3) also holds. 

Let us now show that {A'l) is fulfilled. Take cG 0^, c?G 0^, /€ M^, 
heMf. We know that \ci\ < \gi{f)\, iGN, and 



S ' 

oo 



Y,al\9i+i{f)f = Y.<s\{f,ei)o\' = K/,^i). 

i=l 

which implies that 



< oo. 



i=l 



i=l 



^o^lsh+il'^ < oo; similarly, ^a-^^ldi+ip < oo. 



(29) 



i=l 



i=l 



Let 



m := max(|ci + |c2 + CZ2I), c := max(|ci|, |c2|), d := max{\di\,\d2\). 
It follows from (29) that 

r^'^ ■■= mai^sZi + |c3 + (i3|a2,sZ2 + |c4 + (i4 1 03,3^3 + • ■ ■ (30) 
is an element of Xg. By (28) and (30), it follows that 

Qiirf''') = (r■^'^e^-l)o = ^^(r■^'^ z^-i). = h + di\, i > 3, 

gi{rf''') = (r^''',ei)o = — (r^''',2i). = m> \ci + di\, i = 1,2. 

ai,s 

This implies that r^'^ G MJ^*^. In a similar way as in Proposition 4.7 we 
obtain that 



< 



\\{ai^sm,a2,s\c3 + dal, a3,s|c4 + dal, • • •}||^2 



|ai,<jC + ai^sd, a2,s\c3\ + a2,s|d3|, a3,5|c4| + a3,s\d4\, • • - j 



^2 



< ||{ai,sC, a2,s|c3|,a3,s|c4|, . . .] 



+ 



01,81^,02,51^31, a3,sM4|, • • - j 



£2 



< ||{oi,s(/, ei)o},^J^2 + \\{ai,s{h,ei)o}°^^\ 
= \\{{f\zi)s}Zih2 + \\{{h,Zi)s}Zi\\e2 = 



£2 



+ 
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Let us prove that (.42) holds. Take c = {ci, 02,03, . . .} G &s- Fix £ > 
and by (29), find A; G N, A; > 1, such that Ei^ifc «f,s|ci+ip < e. Let 

b := { 0, ■ .J , , gfc^s \ck+i\,ak+i,s \ck+2\,ak+2,s |cfc+3|, • • •}■ 
k-l 

Since be£^, there exists heXg such that fej = {h,Zi)s, iGN, and 

00 00 

1=1 i=fc 

Moreover, 

= < Mh)\ and |cf I = = i^^li!^ = i > 2, 

O^i— l,s C'i— l,s 

which imphes that h G Mg . 

Let us now prove that (^3) is fulfilled. Consider fGXg and take arbitrary 

fe M^''^f^^^=\ i.e. \gi{f)\ < \giif)\,i G N. Using (28), we obtain 

00 00 00 

11/11? = i(/'«^)oi' = E«l i5^H-i(/)i' ^ E«l = 11/11'- 

i=l i=l 1=1 

Therefore (^3) holds with = 1. 

Now Corollary 4.9 implies that {^ilxfli^i is a tight pre-F-frame for Xp 
with respect to Gi?. □ 

We finish the paper with the following open problem: 
Problem. Find conditions on {-'^sIsgNo and {gi}^i, implying existence 
of an F-bounded projection from 0^? onto {{5'j(/)}^i : / G Xp}, which 
would imply that {gi}^i is an F-frame for Xp with respect to 0^. 
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